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Weakly periodic Gibbs measures for two and three state
HC models on a Cayley tree
R.M.Khakimov1, G.T.Madgoziyev2,
In this paper we study two and three state HC-model on a Cayley tree. Under some
conditions on parameters of the HC-model, in the case of normal divisor of the index
four, we prove the existence of the weakly periodic (non periodic) Gibbs measures which
are different from the known weakly periodic measures (see [12]). Moreover, we find
some regions for the λ parameter ensuring that a extreme measure is not unique.
Keywords: Cayley tree, configuration, HC-model, Gibbs measure, periodic measure,
weakly periodic measure.
1. Introduction
The description of all limiting Gibbs measures for a given Hamiltonian is one of main
problems in the theory of Gibbs measures. The Gibbs measure is a fundamental law
determining the probability of a microscopic state of a given physical system. Each
Gibbs measure is associated with one phase of the physical system, and if a Gibbs
measure is non unique, then it is said that there is a phase transition [1]- [3]. The
study of Gibbs measures therefore plays an important role in many fields of science, in
particular, in statistical mechanics, physics, biology, and queuing theory [4], [5]. It is
well known that the set of all limit Gibbs measures forms a nonempty convex compact
subset of the set of all probability measures [1]- [3] and each point (i.e., Gibbs measure)
of this convex set can be uniquely expanded in its extreme points. In this connection, it
is especially interesting to describe all extreme points of this convex set, i.e., the extreme
Gibbs measures. The reader can find the definitions and of other subjects related to the
theory of Gibbs measures, for example, in [1]- [3]. In [6] the theory of Gibbs measures
on Cayley trees is presented.
In [7] a HC (Hard Core) model with two states on a Cayley tree was studied and it was
proved that the translation-invariant Gibbs measure is unique for this model. Moreover,
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2under certain conditions on the HC-model parameters, it was proved the non uniqueness
of periodic Gibbs measures with the period two.
In [8], [9] the notion of the periodic Gibbs measure was extended to a more general
notion called weakly periodic Gibbs measure, where the authors have constructed such
measures for the Ising model on the Cayley tree.
In [10], weakly periodic Gibbs measures were studied for the HC-model with respect to
normal divisors of index two of group representation of the Cayley tree. Under certain
conditions imposed on the parameters, it was shown that the weakly periodic Gibbs
measure is unique (translation invariant). In [11] the uniqueness of the weakly periodic
Gibbs measure for the HC-model with arbitrary values of the parameters is proved.
The work [12] is devoted to the investigation of weakly periodic Gibbs measures for
the HC-model with respect to a normal divisor of index four on a Cayley tree. The
existence of weakly periodic (non periodic) Gibbs measures on some invariants under
certain conditions imposed on the parameters is proved.
Gibbs measures for the 3-state HC-models on the Cayley tree of order k ≥ 1 were
studied in [13]- [17]. The translation-invariant Gibbs measure is shown to be not unique.
The fertile HC-models are pointed out in [13] corresponding to the hinge, pipe, wand,
and wrench graphs in the 3-state case. The work [17] is devoted to study translation-
invariant Gibbs measure for three state HC models on a Cayley tree of order k. On a
Cayley tree of order two regions in which translation-invariant Gibbs measures is extreme
or non-extreme in the set of all Gibbs measures was found.
In this paper, under some conditions on parameters of the HC-model, we prove ex-
istence of the weakly periodic (non periodic) Gibbs measures for a normal divisor of
the index four, which are different from the weakly periodic measures of the work [12].
Moreover, we find some regions for the λ parameter ensuring that a extreme measure is
not unique.
2. Preliminary Information.
A Cayley tree τk of order k ≥ 1 is an infinite tree, i.e., a graph without cycles such
that each vertex has precisely k + 1 edges.
Let τk = (V,L, i), where V is the set of vertices of the graph τk, L is the set of
its edges, and i is the incidence function associating each edge l ∈ L to its endpoints
x, y ∈ V . If i(l) = {x, y}, then x and y are called the nearest neighbors of a vertex, and
we write this as l = 〈x, y〉. The distance d(x, y), x, y ∈ V on the Cayley tree is defined as
d(x, y) = min{d|∃x = x0, x1, . . . , xd−1, xd = y ∈ V such, that 〈x0, x1〉, . . . , 〈xd−1, xd〉}.
3For a fixed x0 ∈ V we set
Wn = {x ∈ V | d(x, x0) = n}, Vn = {x ∈ V | d(x, x0) ≤ n}
For x ∈Wn we denote S(x) = {y ∈Wn+1 : d(x, y) = 1}.
Consider the m-state nearest-neighbor HC-model on the Cayley tree. In this model
to each vertex x there corresponds one of the values σ(x) ∈ Φ = {0, 1, ..,m}. The values
σ(x) = 1, ..,m indicate that the vertex x is occupied, while σ(x) = 0 indicates that x is
vacant.
A configuration σ = {σ(x), x ∈ V } on the Cayley tree is defined as a function from
V to Φ. Denote by Ω the set of all configurations on V . Similarly, we can define
configurations in Vn and Wn, and denote by ΩVn and ΩWn the sets of all configurations
in Vn and Wn.
Regard Φ as the vertex set of some graph G. Using G, define some G-admissible
configuration as follows: A configuration σ is called a G-admissible configuration on the
Cayley tree (in Vn or Wn) whenever {σ(x), σ(y)} is the edge of G for every pair x, y of
nearest neighbors in V (Vn). Denote by Ω
G (ΩGVn) the sets of G-admissible configurations.
An activity set [13] for a graph G is a function λ : G → R+ from the vertex set of G
into the set of positive real numbers. The value λi of λ at i ∈ {0, 1, ..,m} is called an
activity of G.
Given G and λ, define the Hamiltonian of the G-HC-model as
HλG(σ) =

∑
x∈V
log λσ(x), if σ ∈ ΩG,
+∞, if σ /∈ ΩG.
Definition 1. [13]. A graph is called fertile if there exists an activity tuple λ such that
the corresponding Hamiltonian has at least two translation-invariant Gibbs measures.
This article considers the cases m = 1 and m = 2. For m = 2 we consider the case
λ0 = 1, λ1 = λ2 = λ, and study the corresponding translation-invariant Gibbs measures,
while for m = 1, the weakly periodic Gibbs measures.
For the 3-state HC-model we consider two types of fertile graphs with three ver-
tices 0, 1, 2 (on the set of values of σ(x)), which are of the following form: the hinge
{0, 0}, {0, 1}, {0, 2}, {1, 1}, {2, 2}; the wand {0, 1}, {0, 2}, {1, 1}, {2, 2} (see Fig.1). In the
case of the 2-state HC-model we take as G, the pipe {0, 0}, {0, 1} (see Fig.2).
4Fig. 1. Graphs: the hinge (on the left) and the wand (on the right)
Fig. 2. The graph: the pipe
For σn ∈ ΩVn we let
#σn =
∑
x∈Vn
1(σn(x) ≥ 1)
denote the number of occupied vertices in σn.
Let z : x 7→ zx = (z0,x, z1,x) ∈ R2+ be a vector-valued function on V . For n = 1, 2, . . .
and λ > 0 we consider the probability measure µ(n) on ΩVn defined as
µ(n)(σn) =
1
Zn
λ#σn
∏
x∈Wn
zσ(x),x. (1)
Here Zn is a normalization factor,
Zn =
∑
σ˜n∈ΩGVn
λ#σ˜n
∏
x∈Wn
zσ˜(x),x.
The probability measure µ(n) is said to be consistent if for all n ≥ 1 and any σn−1 ∈
ΩVn−1 : ∑
ωn∈ΩWn
µ(n)(σn−1 ∨ ωn)1(σn−1 ∨ ωn ∈ ΩGVn) = µ(n−1)(σn−1). (2)
In this case, there is a unique measure µ on (Ω,B) such that
µ({σ|Vn = σn}) = µ(n)(σn),
5for all n and any σn ∈ ΩVn , where B is the σ-algebra generated by cylindrical subsets of
the set Ω.
Definition 2. The measure µ defined in (1) under condition (2) is called a (G)-HC-
Gibbs measure with λ > 0 corresponding to the function z : x ∈ V \ {x0} 7→ zx. In
this case, a HC Gibbs measure corresponding to a constant function zx ≡ z is said to be
translation-invariant.
3. Weakly periodic Gibbs measures
It is known that there is a one-to-one correspondence between the set V of vertices of
the Cayley tree of order k ≥ 1 and the group Gk which is the free product of k+1 cyclic
groups of order two with the generators a1, ..., ak+1 [18], [19].
It is known [7] that each Gibbs measure for the HC-model on a Cayley tree can be
associated with a collection of quantities z = {zx, x ∈ Gk} satisfying the equality
zx =
∏
y∈S(x)
(1 + λzy)
−1, (3)
where λ = eJβ > 0 is a parameter, β = 1
T
and T > 0 is temperature.
Let Ĝk be a subgroup of the group Gk.
Definition 3. A collection of quantities z = {zx, x ∈ Gk} is called Ĝk-periodic if zyx =
zx for any x ∈ Gk and y ∈ Ĝk.
The Gk-periodic collections are called translation invariant.
For any x ∈ Gk the set {y ∈ Gk : 〈x, y〉} \ S(x) contains a unique element denoted by
x↓ (see [8]).
Let Gk/Ĝk = {H1, ...,Hr} be a quotient group, where Ĝk is a normal divisor of index
r ≥ 1.
Definition 4. A collection of quantities z = {zx, x ∈ Gk} is called Ĝk-weakly periodic if
zx = zij for x ∈ Hi, x↓ ∈ Hj for any x ∈ Gk.
Note that a weakly periodic collection z coincides with the ordinary periodic collection
(see Definition 3) if the value of zx is independent of x↓.
Definition 5. A measure µ is called Ĝk-(weakly) periodic if it corresponds to a Ĝk-
(weakly) periodic collection of quantities z.
Let A ⊂ {1, 2, ..., k+1} and let HA = {x ∈ Gk :
∑
i∈A
wx(ai) is an even number}, where
wx(ai) is the number of letter ai in the word x ∈ Gk,
G
(2)
k = {x ∈ Gk : | x | is an even number},
6where | x | is the length of the word x ∈ Gk, and G(4)k = HA ∩G
(2)
k is the normal divisor
of index four.
Consider the quotient group Gk/G
(4)
k = {H0,H1,H2,H3}, where
H0 = {x ∈ Gk :
∑
i∈A
wx(ai) is even, |x| is even},
H1 = {x ∈ Gk :
∑
i∈A
wx(ai) is odd, |x| is even},
H2 = {x ∈ Gk :
∑
i∈A
wx(ai) is even, |x| is odd},
H3 = {x ∈ Gk :
∑
i∈A
wx(ai) is odd, |x| is odd}.
Thus by virtue of (3), the G
(4)
k −weakly periodic collection of quantities zx has the form
zx =

z1, x ∈ H3, x↓ ∈ H1
z2, x ∈ H1, x↓ ∈ H3
z3, x ∈ H3, x↓ ∈ H0
z4, x ∈ H0, x↓ ∈ H3
z5, x ∈ H1, x↓ ∈ H2
z6, x ∈ H2, x↓ ∈ H1
z7, x ∈ H2, x↓ ∈ H0
z8, x ∈ H0, x↓ ∈ H2,
where zi, i = 1, . . . , 8 satisfy system of equations
z1 =
1
(1+λz4)i
· 1
(1+λz2)k−i
z2 =
1
(1+λz6)i
· 1
(1+λz1)k−i
z3 =
1
(1+λz4)i−1
· 1
(1+λz2)k−i+1
z4 =
1
(1+λz3)i−1
· 1
(1+λz7)k−i+1
z5 =
1
(1+λz6)i−1
· 1
(1+λz1)k−i+1
z6 =
1
(1+λz5)i−1
· 1
(1+λz8)k−i+1
z7 =
1
(1+λz5)i
· 1
(1+λz8)k−i
z8 =
1
(1+λz3)i
· 1
(1+λz7)k−i
.
(4)
Here i = |A| is the cardinality of the set A.
7By (4), after some transformations, we obtain the following system of equations (see
[12]): 
z1 =
(1+λz7)k
((1+λz7)k/i+λz
1−1/i
8
)i
· 1
(1+λz2)k−i
z2 =
(1+λz8)k
((1+λz8)k/i+λz
1−1/i
7
)i
· 1
(1+λz1)k−i
z7 =
(1+λz1)k
((1+λz1)k/i+λz
1−1/i
2
)i
· 1
(1+λz8)k−i
z8 =
(1+λz2)k
((1+λz2)k/i+λz
1−1/i
1
)i
· 1
(1+λz7)k−i
(5)
We consider next invariant sets (see [12])
I1 = {(z1, z2, z7, z8) ∈ R4 : z1 = z2 = z7 = z8}, I2 = {(z1, z2, z7, z8) ∈ R4 : z1 = z7, z2 = z8},
I3 = {(z1, z2, z7, z8) ∈ R4 : z1 = z2, z7 = z8}, I4 = {(z1, z2, z7, z8) ∈ R4 : z1 = z8, z2 = z7}.
The following assertions are known from [12]
Lemma 1. [12] If weakly periodic Gibbs measures exist on the invariant sets I2, I3, I4,
then they are either translation-invariant or weakly periodic (nonperiodic).
Theorem 1. [12] For the HC-model, in the case of normal divisor of index four, the
following assertions are true:
1. For k ≥ 1 and i ≤ k, a weakly periodic Gibbs measure is unique on I1. Moreover,
this measure coincides with the unique translation-invariant Gibbs measure.
2. Let k = 2, i = 1, and λcr = 4. Then, on I2 there exists one weakly periodic Gibbs
measure, which is translation-invariant, for λ < λcr, two weakly periodic Gibbs measures
one of which is translation-invariant and the other is weakly periodic (nonperiodic) for
λ = λcr, and at most two weakly periodic (nonperiodic) Gibbs measures for λ > λcr.
3. Let k = 3 and i = 1. Then one can find λ0 such that, on I2 for λ > λ0, there
exist at least four Gibbs measures one of which is translation-invariant and the others
are weakly periodic (nonperiodic) Gibbs measures.
4. For k ≥ 1 and i = 1, a weakly periodic Gibbs measure is unique on I3.
5. For k = 2, 3 and i = 1, a weakly periodic Gibbs measure is unique on I4.
The case I2. We rewrite system of equations (5) on I2 for k = 2, i = 2 z1 =
(1+λz1)2
(1+λz1+λ
√
z2)2
z2 =
(1+λz2)2
(1+λz2+λ
√
z1)2
.
(6)
8We denote s =
√
z1 and t =
√
z2. Then the system of equations (6) has the form
 s =
1+λs2
1+λs2+λt
t = 1+λt
2
1+λt2+λs
.
(7)
It is easy to see that 0 < s < 1, 0 < t < 1 in (7), i.e. 0 < z1 < 1, 0 < z2 < 1 in (6).
Consider two cases: s = t and s 6= t.
If s = t, i.e. z1 = z2 in (6) (this means z1 = z2 = z7 = z8 on I2) then it is easy to
show that z1 = z2 = z3 = z4 = z5 = z6 = z7 = z8 in (5).
Consider the case s 6= t. In the case from the second equation of system (7) we find s
and substitute in the first equation. As a result, we get the following equation
λ3t9 − 3λ3t8 + (4λ3 + 3λ2)t7 − (9λ2 + 2λ3)t6 + (12λ2 + 3λ)t5 − (7λ2 + 9λ)t4+
+(2λ2 + 11λ+ 1)t3 − (6λ+ 3)t2 + (λ+ 3)t− 1 = 0,
which has a solution t = t(λ). But we regard this as an equation for λ and by using the
Cardano formula, we find next solutions
λ1 = − (t− 1)
2
(t2 − 2t− 2)2 = ϕ1(t), λ2 =
1− t
t3
= ϕ2(t), λ3 =
1
t(1− t) = ϕ3(t).
Analysis of functions ϕ1(t), ϕ2(t), ϕ3(t) shows that ϕ1(t) < 0 for any values t > 0, and
ϕ2(t) > 0, ϕ3(t) > 0 for 0 < t < 1. Moreover ϕ2(t) → ∞ for t → 0 and ϕ2(t) → 0 for
t→ 1. Analogically ϕ3(t)→∞ for t→ 0 and t→ 1.
The derivative of the function ϕ2(t) is negative, i.e. the function ϕ2(t) decreases for
0 < t < 1. Hence, each value of λ2 corresponds to only one value of t for 0 < t < 1 (see
Fig.3).
The derivative ϕ
′
3(t) is negative for 0 < t < tcr and it is positive for tcr < t < 1, where
tcr =
1
2 is a solution of the equation ϕ
′
3(t) = 0. Hence, the function ϕ3(t) decreases for
0 < t < tcr and it increases for tcr < t < 1. Moreover, we have ϕ
′′
3(t) > 0 for 0 < t < 1,
i.e. each value of λ3 corresponds to exactly two values of t for λ3 > λcr = ϕ3(tcr) = 4,
one value of t at λ3 = λcr and the equation λ3 = ϕ3(t) has no solutions for λ3 < λcr (see
Fig.3).
9Fig. 3. Graph of the function ϕ2(t) (shaded curve) and ϕ3(t) (continuous curve) for 0 < t < 1.
Thus we proved the following:
Proposition 1. The system of equations (6) has only one solution for λ < 4, two
solutions for λ = 4 and three solutions for λ > 4.
Remark 1. The solution ϕ2(t) corresponds to solution (7) for s = t.
The case I3. The system of equations (5) on I3 for k = 2, i = 2 has the form
z1 =
(1+λz7)2
(1+λz7+λ
√
z7)2
z7 =
(1+λz1)2
(1+λz1+λ
√
z1)2
.
(8)
We denote s =
√
z1 and t =
√
z7. Then the system of equations (8) has the form s =
1+λt2
1+λt2+λt
t = 1+λs
2
1+λs2+λs
.
(9)
It’s clear that 0 < s < 1, 0 < t < 1 in (9), i.e. 0 < z1 < 1, 0 < z7 < 1 in (8). By analogy
with the case I2 we consider two cases: s = t and s 6= t.
In the case s = t, we obtain z1 = z2 = z3 = z4 = z5 = z6 = z7 = z8.
In the case s 6= t the expression for s from the first equation in (9) is substituted into
the second equation and we obtain an equation with respect to the variable λ
2t5λ3 + (t5 + t4 + 3t3 − 2t2)λ2 + (2t3 − 1)λ+ t− 1 = 0,
which by the Cardano formula has solutions of the form
λ˜1(t) =
1− t
t3
, λ˜2(t) = − t
2 + t+ 1−√t4 + 2t3 − 5t2 + 2t+ 1
4t2
,
10
λ˜3(t) = − t
2 + t+ 1 +
√
t4 + 2t3 − 5t2 + 2t+ 1
4t2
.
We note that λ˜1(t) > 0 for 0 < t < 1 and λ˜2(t) < 0, λ˜3(t) < 0 for t > 0. Therefore,
from the above analysis for the function λ˜1(t) we have the following
Proposition 2. The system of equations (8) has a unique solution for λ > 0.
Remark 2. The solution λ˜1(t) corresponds to solution (9) for s = t (see Fig. 4).
Fig. 4. Graph of the function λ˜1(t) for 0 < t < 1.
The case I4. We consider the system of equations (5) on I4:
z1 =
(
1+λz2
(1+λz2)
k
i +λz
1− 1i
1
)i
z2 =
(
1+λz1
(1+λz1)
k
i +λz
1− 1i
2
)i
.
(10)
Let k = i. We denote k
√
z1 = x, k
√
z2 = y and note that 0 < z1 < 1, 0 < z2 < 1. Then
after some transformations, the last system of equations has the following form
 λx
k + λxyk + x− λyk = 1
λyk + λyxk + y − λxk = 1.
(11)
Subtracting from the first equation of system (11) the second we obtain the equation
(x− y) · [1 + λ(xk−1 + xk−2y + . . .+ xyk−2 + yk−1)(2 − xy)] = 0. (12)
11
If x = y then we have z1 = z2 = . . . = z7 = z8 and a solution of this kind exists and is
unique for any values λ > 0. In this case from (11) we have
λ =
1− x
xk+1
= ϕ(x)
and it is easy to show that each value λ corresponds only one value x. Indeed, the
derivative ϕ′(x) < 0 for k ≥ 2, 0 < x < 1, i.e., in this case the function ϕ(x) decreases
and ϕ′′(x) > 0. Hence, each value of λ corresponds to only one value of x for 0 < x < 1.
We consider the case x 6= y. In this case from (12) we have the equation
1 + λ(xk−1 + xk−2y + . . .+ xyk−2 + yk−1)(2− xy) = 0,
which has no solutions (x, y), 0 < x < 1, 0 < y < 1 for any values λ > 0.
So the following is true
Proposition 3. The system of equations (10) has a unique solution for k = i and λ > 0.
Propositions 1, 2 and 3 imply the following
Theorem 2. For the HC-model, in the case of normal divisor of index four, the following
assertions are true:
1. Let k = 2, i = 2 and λcr = 4. Then, on I2 there exists one weakly periodic Gibbs
measure, which is translation-invariant, for λ < λcr, two weakly periodic Gibbs mea-
sures one of which is translation-invariant and the other is weakly periodic (nonperiodic)
for λ = λcr, and three weakly periodic (nonperiodic) Gibbs measures one of which is
translation-invariant and others are weakly periodic (nonperiodic) for λ > λcr.
2. For k = 2 and i = 2, a weakly periodic Gibbs measure is unique on I3. Moreover,
this measure coincides with the unique translation- invariant Gibbs measure.
3. For k = i, a weakly periodic Gibbs measure is unique on I4. Moreover, this measure
coincides with the unique translation- invariant Gibbs measure.
Remark 3. In each subsection of this theorem, the translation-invariant Gibbs measure
corresponds to a solution of the form z1 = z2 = z3 = z4 = z5 = z6 = z7 = z8 of the
system of equations (5).
4. Translation-invariant Gibbs measures
We consider three state HC models.
Let L(G) be the set of edges of G. We let A ≡ AG = (aij)i,j=0,1,2 denote the incidence
matrix of G, i.e.
aij ≡ aGij =
{
1, if {i, j} ∈ L(G),
0, if {i, j} /∈ L(G).
12
The next theorem states a condition on zx that guarantees that the measure µ
(n) is
consistent.
Theorem 3. [15] Probability measures µ(n), n = 1, 2, . . ., defined by (1), are consistent
if and only if the equalities
z′1,x = λ
∏
y∈S(x)
a10 + a11z
′
1,y + a12z
′
2,y
a00 + a01z′1,y + a02z
′
2,y
, z′2,x = λ
∏
y∈S(x)
a20 + a21z
′
1,y + a22z
′
2,y
a00 + a01z′1,y + a02z
′
2,y
,
(where z′i,x = λzi,x/z0,x, i = 1, 2) hold for any x ∈ V .
We assume that z0,x ≡ 1 and zi,x = z′i,x > 0, i = 1, 2. Then for any functions
x ∈ V 7→ zx = (z1,x, z2,x), satisfying the relation
zi,x = λ
∏
y∈S(x)
ai0 + ai1z1,y + ai2z2,y
a00 + a01z1,y + a02z2,y
, i = 1, 2,
there exists a unique G-HC-Gibbs measure µ, and vice versa. We consider the
translation-invariant solutions such that zx = z ∈ R2+, x 6= x0.
By works [15] and [17] for k = 2 it is know next theorems.
Theorem 4. [15] Let k = 2 and λcr =
9
4 . Then for HC model in the case G = hinge
there exists a unique translation-invariant Gibbs measure µ0 for λ ≤ λcr, and there exist
only three translation-invariant Gibbs measures µ0, µ1, µ2 for λ > λcr.
Theorem 5. [15] Let k = 2 and λ∗cr = 1. Then for HC model in the case G = wand
there exists only one translation-invariant Gibbs measure µ∗0 for λ ≤ λ∗cr and there exist
only three translation-invariant Gibbs measures µ∗0, µ
∗
1, µ
∗
2 for λ > λ
∗
cr.
Theorem 6. [17] Let k = 2 and λ0 ≈ 7, 0355. Then for HC model in the case G = hinge
the following statements hold:
1. The measure µ0 is non-extreme for λ > λ0.
2. The measure µ0 is extreme for 0 < λ < λ0 and measures µ1, µ2 are extreme for
2.25 < λ < 0.5 · (5√2− 1).
Theorem 7. [17] Let k = 2, λ1 ≈ 2.287572 and λ2 ≈ 1.303094. Then for HC model in
the case G = wand the following statements hold:
1. The measure µ∗0 is non-extreme for λ > λ1.
2. The measure µ∗0 is extreme for 0 < λ < λ1 and measures µ
∗
1, µ
∗
2 are extreme for
1 < λ < λ2.
The next theorems hold.
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Theorem 8. If k = 2 then for HC model in the case G = hinge there exist at least two
extreme Gibbs measures for 0.5 · (5√2− 1) < λ < λ0.
Proof. Let k = 2. By theorem 4 it is know that there exists a unique translation-
invariant Gibbs measure µ0 for 0 < λ ≤ λcr. By theorem 6 the measure µ0 is extreme
for 0 < λ < λ0. For λ > λcr = 2, 25 we have the measure µ0 and at last two new
measures mentioned in Theorem 4. If we assume that all the new measures are not
extreme in (0.5 · (5√2−1), λ0) then it remains only one extreme measure µ0. But in this
case the non-extreme measures can not be decomposed only into the unique measure µ0.
Consequently, at least one of the new measures for 0.5 · (5√2 − 1) < λ < λ0 must be
extreme or decomposable into other extreme measures. The theorem is proved.
Theorem 9. If k = 2 then for HC model in the case G = wand there exist at least two
extreme Gibbs measures for λ2 < λ < λ1.
Proof. It is proved similarly to the previous theorem.
Usefulness: The main problem in the theory of Gibbs measures is the full description
of the set of all limit Gibbs measures, but this problem is not solved fully. In [12] for
HC model nonuniqueness of weakly periodic Gibbs measures was proved. In this work
we found new measures (see Theorem 2, part 1) which are different from the know old
measures (see Theorem 1, parts 2,3). Every new measure which is we found expands
the set of known Gibbs measures and each of them gives a new phase for the physical
system. Moreover, definition of all extreme Gibbs measures for given Hamiltonian give
the full description of all limit Gibbs measures.
Acknowledgments. The authors are very grateful to Professor U. A. Rozikov for
his useful discussions.
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